
NumericalMethodsfor MagneticForce
Microscopy calibration

Simon Egli,
University of Basel

email: simon egli65@hotmail.com
web: http://w er.bini.ch/simonegli

December 2000





Abstract

In this work, algorithms for calibrating Magnetic Force Microscopy (MFM)
imageswere examined. It can be shown that the image calibration can be de-
termined from measurements on a well de¯ned sample. Computer algorithms
were implemented and examinedto calculate a socalled Instrument Calibration
Function (ICF) of a cantilever. Moreover, methods were examined to recon-
struct the stray ¯eld of a measuredsample from a MFM measurement with a
calibrated cantilever.
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1 In tro duction

Magnetic Force Microscopy is a relatively new technique to observe magne-
tization structures. It evolved from scanning force microscopy developed by
Binning, Quate and Gerber [1]. An ordinary cantilever used for scanning force
microscopy canbecoatedwith a ferromagneticmaterial. Then the cantilever tip
can be magnetisedunder well de¯ned conditions, and is then sensitive to mag-
netic stray ¯elds. The ¯rst MFM measurements were made on ferromagnets
[2, 3].

The advantagesof the MFM technique comparedto other typesof magnetic
imaging, are a high spatial resolution and relatively low requirements for sam-
ple preparation. MFM can also be used to apply local ¯elds to a sample and
investigate its response. The main disadvantage of MFM until now is the poor
de¯nition of the measurement probe. Since the stray ¯eld of the cantilever tip
is not perfectly localized and it's magnitude is not a priori known, it turns out
to be di±cult to interpret the measuredcontrast. 1 This results in a limitation
of the image resolution, and it becomesmore di±cult to extract the absolute
magnetisation of a sample or the absolute ¯eld strength of its stray ¯eld. In
this thesis, it was tried to solve these problems by measuring the probe stray
¯eld with the aid of a well de¯ned sample, and to ¯nd mathematical methods
to extract the most information from the MFM force image.

In section2 the main properties and the most important quantities in MFM
are discussed. There it is shown that the MFM measurement is a convolu-
tion of the stray ¯eld with a instrument dependent distribution, the Instrument
Calibration Function (ICF). Somewell known methods of digital imagerestora-
tion to solve the deconvolution problem were investigated, which are discussed
in section 3. The general methods are tailored to the speci¯c problem of re-
trieving an ICF in section 4. It turned out in section 5, that the investigated
methods are well suited to restore imageswith a well known convolution, but
unfortunately in this caseit was not trivial to model the convolution from the
calibration samplesthat were used. On the one hand, this is due to mathemat-
ical problems, sinceone has to simultaneously ¯nd the deconvoluted image and
the convolution operator, on the other hand it could also be due to deviations
in the calibration measurements from the assumedproperties. The resolution
of the restored imagesdeteriorates, becausemuch of the intro duced restoration
error is blur. In appendix C a further method is outlined, which could improve
the overall quality of the restoration, but for which there was insu±cient time
to implement. Important conclusionsof this work are summarizedin section 6.

1 In scanning force microscopy, the sameproblem appears in atomic resolution experiments,
with the di®erence, that the interaction is more localized and that one is only interested in
the resulting force and not in the corresponding electric charges [4].
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2 Principles of calibrated MFM measuremen ts

One of the problems in Magnetic ForceMeasurements (MFM) is, that the force
on a cantilevered magnetic tip is measured instead of the absolute magnetic
¯eld strengths. This force dependson the tip magnetisation and on the sample
stray ¯eld simultaneously, therefore the knowledgeabout the strength of the tip
magnetisation and its shape is required if one wishesto interpret the force on
the tip.

In a experiment, the the force is not measureddirectly: In the static mea-
surement modes, one simply measuresthe z{de°ection of the tip resulting from
the force. Thereby the z{p osition of the tip is continuously adjusted, so that
ideally the tip apex always stays within a plane parallel to the sample sur-
face at a given z{distance. The dynamic measurement modes are mode where
the change in the resonancefrequency of the cantilever is measured. Several
schemesfor detecting the resonancefrequency are used: amplitude detection,
phasedetection and phaselocked loop detection (with and without amplitude
regulation) [5]. In these dynamic modes one does not measurethe force, but
the force gradient. In MFM it is often preferable not to use z{adjustment to
measurein the usual constant force or constant frequency mode, becausenor-
mally one is interested in the stray ¯eld in a well de¯ned plane. Furthermore in
dynamic mode one doesnot measurethe force, but actually the force gradient.

To investigate the force acting on the tip extensive calculations with the
involved magnetic ¯elds are required. It turns out, that one can simplify those
calculations very much, if a proper coordinate system is intro duced, and most
of the calculations are made in Fourier space. First we want to intro duce a

sample

cantilevertip

q

y

z

x

Figure 2.1: A typical MFM con¯guration with coordinate system

coordinate system as shown in ¯gure 2.1. We take the sample surface as xy{
plane. We then let the y{axis point into the samedirection as the projected
cantilever normal. As z{axis we just take the samplesurfacenormal. Now if we
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have a function f (x; y) we can de¯ne the Fourier transform as

g(k) =

1Z

¡1

g(r )e¡ i k ¢r dxdy (2.1a)

g(r ) =
1

4¼2

1Z

¡1

g(k)ei k ¢r dkx dky ; (2.1b)

with r = (x; y) and k = (kx ; ky ). The function g(k) in Fourier spacehas the
units of the spectral density of g(r ). In accordanceto generalpractice, the same
nameand symbol will be usedfor quantities in direct spaceand in Fourier space
in spite of the di®erent units. To distinguish between the two, the coordinates
(x; y) are used for dimensions in direct space, whereas (kx ; ky ) are used for
dimensions in Fourier space. Details about the numerical implementation of
discrete Fourier transform can be found in [6].

2.1 Calculating the force on the tip

The force on the tip results from the interaction betweenthe samplestray ¯eld
and the tip magnetisation. We only give a brief discussionhere, the formulas
and further details can be found in Appendix A and [7]. In the (k; z) spacethe
force on the tip can be formulated as

F(k; z) = ¹ 0H (k; z)

1Z

¡1

e¡ kz0
r 0¢¡ M ¤

tip (k ; z0)dz0

=: ¹ 0H (k; z)¾¤
tip (k) ;

(2.2)

with ¾tip (k) the Fourier transform of a tip-equivalent surfacecharge, within a
plane parallel to the sampleat the height of the tip apex.

The quantit y measuredby the experiment is either proportional to the force
Fn (k) normal to the cantilever, or to its derivative d

dn Fn (k), depending on if
onemeasuresin static or dynamic mode. Thereforeonehasto take into account
the canting anglebetweenthe normals of the samplesurfaceand the cantilever.
With n = (0; sin(µ); cos(µ)), with µ the canting angle, one gets

Fn = n ¢F (2.3a)

d
dn

Fn = n ¢r Fn = n ¢r (n ¢F) : (2.3b)

As is shown in appendix A.1 in equation (A.4) for source free ¯elds one can
write r (k) = (ik x ; ik y ; ¡ k), so that the nabla operator becomesan ordinary
function in the (k; z){space. One can therefore easily unify the contribution
form the canting angle into an ordinary function

LCF( k; µ) = ¡ n ¢r (k)=k ; (2.4)

the Lever Canting Function that describesthe e®ectof the canting angleof the
cantilever on the measurement. By substituting F with (2.2) and (A.5b) one
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gets

Fn (k ; z) = ¡ n ¢
µ

¹ 0¾¤
tip (k)

r
k

H z (k)
¶

=: ¹ 0¾¤
tip (k) LCF(k; µ)H z (k ; z) (2.5a)

d
dn

Fn (k ; z) = (n ¢r )Fn (k)

= ¡ k¹ 0¾¤
tip (k)

£
LCF( k; µ)

¤2
H z (k ; z) : (2.5b)

One important aspect of the LCF is, that in the Fourier domain it is actually a
phaseshift, sothe remark after equation (3.2b) appliesto the LCF. That means,
that one can remove the e®ectintro duced by the cantilever canting simply by
dividing with the LCF in the Fourier domain. For more details on the lever
canting function see[7].

In our case, the stray ¯eld stems from a sample, that ideally has always
perpendicular magnetisation to its surfaceand is sothin, that the magnetisation
is homogenousthrough its thickness. As it is show in Appendix A.2, one can
calculate the stray ¯eld from the samplemagnetisation M z (k)

H z (k ; z) = sinh(k d=2)e¡ k (z+ d=2) M z (k) : (2.6)

Finally one can summarize the factors before M z into the so called z{Field
Transfer Function HTF z, and get

H z (k ; z) = HTF z(k ; z)M z (k) : (2.7)

2.2 The Instrumen t Calibrating Function

Now we combine all factors that depend only on instrument parametersinto one
function, called the Instrument Calibration Function (ICF). The ICF describes
the relation betweensamplestray ¯eld (or its derivative) and measuredquantit y.
The ICF candirectly bedeterminedby calibration measurements, while ¾tip can
only be determined if one knows the canting angle and additional mechanical
properties of the cantilever. Therefore it is especially useful to use the ICF to
describe the imaging properties of the instrument.

For each measurement mode, a di®erent ICF must be de¯ned, so we index
each ICF with the pair of variableswe want to interrelate. The quantit y which is
directly measuredin static mode is simply the cantilever de°ection ³ , in dynamic
mode it is frequency and phaseshift ¢ f and ¢ Á. Thus at least the following
functions can be de¯ned:

³ (k) =
1
cL

¹ 0¾¤
tip (k) LCF(k; µ)H z (k) =: ICF ³

H z
(k)H z (k) (2.8a)

¢ f (k) =
f 0

2cL
k¹ 0¾¤

tip (k)
£
LCF( k; µ)

¤2
H z (k) =: ICF ¢ f

H z
(k)H z (k) (2.8b)

¢ Á(k) =
Q
cL

k¹ 0¾¤
tip (k)

£
LCF( k; µ)

¤2
H z (k) =: ICF ¢ Á

H z
(k)H z (k) ; (2.8c)

where cL corresponds to the cantilever spring constant, f 0 to the cantilever
resonancefrequencyand Q to the cantilever's Q-factor.
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3 Numerical metho ds for image deconvolution

3.1 General aspects of image deconvolution

Usually in a physical measurement, there are multiple sourcesof measurement
errors. In a complex imaging system, one can roughly distinguish the errors
into two categories.One contribution of errors comesfrom the processof image
formation while the other contribution comesfrom the recording process.The
error from the recording processis due to noise or a nonlinearity. The error
from image formation, can be blurring or a convolution of the original object.
If the principle of superposition holds for the imageformation, onecan describe
the imageas the sum over the imagesof individual points. The imageof such a
singlepoint (without noise) is called the Point Spread Function (PSF), because
it describeshow a singlepoint object sourceis spreadacrossthe resulting image.
In the most general case,the PSF can vary in space. Then the image without
noise ¹h is described by

¹h(r ) =

1Z

¡1

½(r 0; r )¹g(r 0)dx0dy0 : (3.1)

with the Point SpreadFunction ½and the Object ¹g. If ½is invariant in space,
the image becomesa convolution of the Point SpreadFunction and the Object
¹g.

¹h = ½¤ ¹g ; (3.2a)

which is equivalent to2

¹h(k) = ½(k)¹g(k) : (3.2b)

The connection between the equations (3.2b) and (2.8) is obvious: The ICF
from section 2.2 corresponds to the Point Spread Function. If one adds the
noisecontribution ±h, the formula for the recordednoisy image h becomes

h(k) = ½(k)¹g(k) + ±h(k) : (3.3)

Generally, given a noisy image h, we denote the image without noiseby ¹h and
the noiseterm by ±h, where±h = h¡ ¹h. The task of imagerestoration is now, to
restoreasmuch information aspossiblefrom the original object ¹g from the noisy
image h. To describe this image restoration operation, we simply intro duce the
deconvolution operator D with the properties

g = D(h ; ½) ¼ ¹g ; (3.4)

whereg is the restoredobject. If the deconvolution operator is a simple division,
one deriveswith (3.3)

g(k) = D(h ; ½) :=
h(k)
½(k)

= ¹g(k)+
±h(k)
½(k)

= ¹g(k)+ ±g(k) ; (3.5)

where ±g is the restoration error, e.g. the deviation of g from ¹g. If ±g = ±h=½is
negligible, then g is a valid approximation of ¹g. This Method is called inverse

2This equivalence is know as the convolution theorem
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¯ltering . An example of a image restored by inverse¯ltering is given in ¯gure
3.1. In many cases,for example in the caseof gaussianblurr [8], ½is rapidly
decreasingat higher frequencies.This results in an ampli¯cation of the higher
frequency components in the Fourier space. If the image frequency decreases
more rapidly than the noise at higher frequencies,the overall signal to noise
ratio will decrease,becausemost of the ampli¯cation will a®ect the noise and
not the image (this e®ectis clearly visible in ¯gure 3.1). Moreover, the result
of the division may not be de¯ned everywhere, or we can have computational
over°ow problems, when ½goesto zero.

Although normally the term ±h=½in (3.5) is not negligible, since often the
ratio from signal to noisedecreasesdramatically at high frequencies,there is an
exception for imaging processesfor which the PSF ½results only a phaseshift
of the fourier components, so that there is actually no amplitude ampli¯cation
in fourier space.In this casewe can use(3.5) without any drawbacks. The LCF
is an (approximate) exampleof such a PSF, if µ is small.

To estimate the error intro ducedby the deconvolution we can limit the error
in the restored image with the inequalities

k±g(k))k ·
k±h(k)k

½min
and kh(k)k · ½max kg(k)k (3.6)

from which it follows

k±g(k))k
kg(k)k

·
½max

½min
¢

k±h(k)k
kh(k)k

; (3.7)

where the L-norm k k is de¯ned as

kgk :=

s Z
jg(x; y)j2dxdy (3.8)

and ½min and ½max describe the minimum and maximum of the absolute value
of ½. The fraction ® := ½max

½min
is called condition number of the problem. It

describes the ratio between the minimal and maximal amplitude ampli¯cation
in the fourier domain. If ® is large, the problem is said to be il l conditioned, and
additional information must be available or guessedto solve it. In the following
subsections,we will intro duce several methods to solve such problems.

To estimate the sizeof the image error we intro duce a measurement for the
relative di®erencebetween two images, ¹h and h the relative rms error (RRE),
which is de¯ned as

RRE(h; ±h) :=
k±hk
k¹hk

; where ¹h = h¡ ±h : (3.9)

To measurethe overall noiseampli¯cation, we intro ducethe signal-to-noiseratio
(SNR) which is de¯ned by

SNR = 10log10

µ
variance of noiselessimage

variance of noise

¶
(dB) (3.10a)

and can be estimated by

SNR(h; ±h) = ¡ 20log10

£
RRE(h; ±h)

¤
(dB) : (3.10b)
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In the caseof synthetic data, where the undistorted object ¹g and the undis-
torted image ¹h is available, we can measurethe improvement intro ducedby the
restoration processby the Mean Square Error Improvement Factor (MSEIF)
de¯ned by

MSEIF
¡
h; ±h; g; ±g

¢
:= SNR(g; ±g)¡ SNR(h; ±h) : (3.11)

A negative MSEIF implies a degradation of the quality of the image.

1 mm 1 mm

(a) (b)

Figure 3.1: (a) a synthetic noisy image with SNR 20dB. (b) The corresponding
restored image, restored with the inverse ¯ltering method, with a MSEIF of
-24.6

As we have seenbrie°y, in most casesit is not possibleto ¯nd an acceptable
solution of the deconvolution Problem in Equation (3.2b) by a simple division.
We therefore describe herea choiceof more advancedmethods for imagedecon-
volution. Most of the methods we mention hereare described extensively in [8].
A good explanation of Wiener Filtering is found in [9].

3.2 In verse Filtering

Our starting point was the formula (3.5), namely

g(k) ¡ ±g(k) :=
h(k)
½(k)

¡
±h(k)
½(k)

(3.12)

g(k) ¼
h(k)
½(k)

: (3.13)

Obviously, the division by ½posessomesubtle problems. One of the problems
is the existenceof a solution of (3.13), the other problem is the ampli¯cation
of the noiseat small valuesof ½. We say that ½is bandlimited if, in the fourier
domain, it di®ers from zero only within a bounded region. This region is also
called the support of ½. If the function ½is bandlimited, the solution is not
unique. Due to (3.2b), all those parts of the spectrum of the object ¹g which lie
outside of the support of ½are not visible in the image h. If the value of h is
di®erent from zero outside the support of ½, this can only be due to the noise
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term ±h=½, because¹h in (3.2b) has the samesupport as ½per de¯nition. If we
multiply equation (3.13) with j½j2, we get

j½(k)j2g(k) = ½¤(k)h(k)) : (3.14)

This equation has the same solution as (3.13) within the support of ½, while
when ½= 0 is identically satis¯ed and g(k) is arbitrary . It is actually the Euler
equation of the variational problem

k½g¡ hk = minimum (3.15)

and therefore its solutions are the objects which provide the best approximation
of the given image h. Any function g which solves this minimization problem
is also called a least-squares solution. If we do not have additional information
on the object, it can be reasonableto considerthe unique least-squaressolution
which is zero outside the support of ½, called the generalized solution

~g(k) =

(
h(k )
½(k ) inside the support of ½

0 outside the support of ½
: (3.16)

3.3 Appro ximate Solutions

The brief analysis of section 3.1 and of the previous subsectionhas shown that
the solution (or generalizedsolution) of the problem may be completely cor-
rupted by noiseand therefore deprived of physical meaning. It should be clear,
however, that the image h must contain someinformation about the object ¹g
and therefore that it must be possible to ¯nd someestimate g better than h
itself. It should also be clear that, to make someprogressin this direction, one
must modify the conceptof solution of the problem. A ¯rst step in this direction
is the least-squaressolution and the generalizedsolution. However this step is
not su±cient, becausethe generalizedsolution can alsobe numerically unstable.
The only way is to look for solutions which reproduce only approximately the
noisy image. Actually the true object ¹g is such an approximate solution, since,
becauseof the noise, it doesnot reproduce the noisy image h exactly but only
within the noiseterm ±h. We intro duce the discrepancy of the solution g3

"2(g; h) = k½g¡ hk2 : (3.17)

The point now is to understand the structure of the set of all approximate
solutions compatible with the noisy image within a given noise level. Let us
assumethat we know an estimate " 2

0 of the absolute rms-error a®ecting the
noisy image h. Under these conditions, the set of all approximate solutions
compatible with the noisy image is the set of all objects g with

k½g¡ hk2 · "2
0 : (3.18)

If "2
0 is a reliable estimate then it is obvious that both the true object ¹g and the

unphysical solution, discussedin the previous section, belong to this set, which
therefore contains completely di®erent elements. As a consequence,we expect

3 In practice, to avoid computational over°ow, we use the rms value, which is de¯ned as
rms( f ) = 1=

p
Akf k where A denotes the area of the image.
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that this set is extremely large. For the sake of simplicit y we consider the 1D
caseassumingthat ½is di®erent from zeroeverywhere. If we expand(3.18) with
the de¯nition (3.8) of k k and considera discrete image, e.g. we substitute the
integral with a sum, we get

1
N

N ¡ 1X

m =0

j½m gm ¡ hm j2 · "2
0 (3.19)

or also

N ¡ 1X

m =0

Ã
j½m j2

N "2
0

! ¯
¯
¯
¯gm ¡

hm

½m

¯
¯
¯
¯

2

· 1 : (3.20)

This inequality de¯nes the set of interior points of an N -dimensional ellipsoid
whosecenter is the generalizedsolution ~g and whosehalf-axeshave lengths

am =

p
N "

j½m j
: (3.21)

The ratio between the maximum half-axis and the minimum half-axis of the
ellipsoid is precisely the condition number intro duced in section 3.1. As we

h

image plane object plane

g~

(a) (b)

Figure 3.2: A simpli¯ed 2D view of (a) the set of imageswithin a given noise
level, (b) the corresponding set of objects.

see in ¯gure 3.2, this set is too broad and it is hopelessto extract a useful
estimate of ¹g from it without using additional information. Therefore we need
to use constraints in the solution space,to describe acceptablesolutions. This
additional information is usually called a priori information and, in a more or
lessexplicit form, is the basicprinciple on which all inversionmethods rely. We
brie°y give someexamplesof constraints that are usedfrequently

² The 'total energy' of the solution is lessthan a given value E 2

kgk2 =
Z

jg(k)j2dkx dky · E 2 : (3.22)
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² The derivative up to a certain order D(n ) g satis¯es someprescribed bound
E 2

°
°
° D(n ) g

°
°
° =

Z ¯
¯
¯D(n ) g

¯
¯
¯
2

dkx dky : · E 2 (3.23)

~g

E2

Figure 3.3: Schematic view of the solution spacewith the constraint E 2 from
equation (3.22). Only the objects within the shadedregion are possiblesolu-
tions.

An important feature of the usedconstraints is, that the corresponding setsare
closedand convex. A basic property of a closedand convex set C in a space
of functions with scalar product is that, given an arbitrary element g of the
space,there exists a unique element gC of C which has a minimal distance from
g. This element is called the convexprojection of g onto C. If we know that the
solution of the problem must belong to someclosedand convex set C, it is quite
natural to look, among all possible objects satisfying this condition, for that
or those which minimize the discrepancy, i.e. for the solutions of the following
constrained problem

k½g¡ hk = minimum; g 2 C : (3.24)

Any solution of this problem is called a constrained least-squares solution.

3.4 Regularization metho ds

The basic idea of regularization consistsof consideringa family of approximate
solutions depending on a positive parameter ¹ called the regularization param-
eter. The main property is that, in the caseof noise-freedata, the functions of
the family convergeto the exact solution of the problem when the regularization
parameter tends to zero. In the caseof noisy data one can obtain an optimal
approximation of the exact solution for a non-zero value of the regularization
parameter.

3.4.1 Least-squares solutions with prescrib ed Energy

If we considerthe constraint from equation (3.22), that the total Energy of the
image be within a maximum value E 2

max we can look for the minimum of " 2

"2(g; h) = k½g¡ hk2 = minimum (3.25)
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under the condition that

E 2(g) = kgk2 · E 2
max : (3.26)

We assumethat the generalizedsolution does not lie within the given energy
constraint. Becausethe generalized solution minimizes " 2, and "2 increases
towards the surfaceof the ellipsoid, we can concludethat " 2 will be smallest on
the surfaceof the energyball. If we replacethe condition (3.26) by an equation

g~

e e(    ;   ) =g h min

e e(    ;   ) >g h min

E2

Figure 3.4: The minimum of the discrepancy" 2 is reached on the surfaceof the
E 2 ball.

E 2(g) = E 2
max , we can solve the variational problem by meansof the method of

Lagrangemultipliers. According to this method we intro ducea functional which
is a linear combination of the functional to be minimized and of the functional
expressingthe constraint

©¹ (g; h) = "2(g; h)+ ¹E 2(g) = k½g¡ hk2+ ¹ kgk2 : (3.27)

As is shown in appendix B, the solution g¹ which minimized this functional is

g¹ (k) =
½¤(k)

j½(k)j2 + ¹
h(k) : (3.28)

This method of image deconvolution, using equation (3.28), is often termed
Tikhonov regularization. If we use arti¯cial data, we can minimize RRE(g; ±g)
and calculate the best value for ¹ for a given image classat a given noiselevel.

3.4.2 Lowpass metho d

Another, very simple method consists of applying a simple ¯lter with some
parameter. If we know the noise ampli¯cation in the fourier domain, we can
shape the ¯lter accordingly. If the Filter corresponds to the identit y operation
at a certain parameter, then this is a regularization method too. Among other
methods, we usedthis simple method in calculating the ICF. We useda lowpass
¯lter according to the Formula

g(k) = L (k)
h(k)
½(k)

(3.29)
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with the lowpass¯lter function

L (k) := exp
¡

¡ (¹k )3¢
: (3.30)

This method has the advantage, that the resolution of the restored image is
known, since it is determined by the value of the regularization parameter.

3.4.3 Other regularization metho ds

There are a number of other frequently used function families used in regular-
ization, and we want to brie°y show oneadditional important result here. If we
apply the constraint (3.23) to the partial derivativesof g up to the secondorder,
and usethe method of lagrangemultipliers, we get for the functional (3.27)

©¹ (g; h) = k½g¡ hk2 + ¹
X 2

(g) ; (3.31)

where

X 2
(g) := a0kgk2 + ax

°
°
°
°

@g
@x

°
°
°
°

2

+ ay

°
°
°
°

@g
@y

°
°
°
°

2

+ axx

°
°
°
°

@2g
@x2

°
°
°
°

2

+

ayy

°
°
°
°

@2g
@y2

°
°
°
°

2

+ 2axy

°
°
°
°

@2g
@x@y

°
°
°
°

2

+

(3.32)

Then becauseof @g(r )=@r i b= ik i g(k), the fourier transform of (3.32) is just

X 2
(g) =

Z
P(k)

¯
¯g(k)

¯
¯2

dkx dky : (3.33)

with

P(k) := a0+ ax k2
x + ay k2

y + axx k4
x + ayy k4

y + 2axy k2
x k2

y : (3.34)

The Parameters ai and aij must be chosen empirically. In the implemented
algorithms we uni¯ed a0, ax = ay = a1 and axx = ayy = axy = a2. As is show
in appendix B the solution g¹ that minimizes the functional 3.31 is

g¹ (k) =
½¤(k)

j½(k)j2 + ¹P (k)
: (3.35)

3.5 Landw eber metho d

If we start with equation (3.14)

j½j2g = ½¤h ; (3.36)

we can intro duce the operator

T(f ) = f + ¿
¡
½¤h ¡ j½j2g

¢
; (3.37)

where ¿ is the so-calledrelaxation parameter. Any solution to (3.36) is also a
¯xed point of the operator T and conversely, i.e. equation (3.36) is equivalent
to the following ¯xed point equation

g = T(g) : (3.38)
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If the operator T is a contracting operator, i.e.

kT(g)k < kgk 8g but the ¯xed point, where (3.38) holds ; (3.39)

then the series

gk+1 = T(gk ) = gk + ¿
¡
½¤h ¡ j½j2gk

¢
(3.40)

will convergeto the ¯xed point of T. It is easyto show that the explicit formula
for gk is

gk (k) =
¡
1 ¡ ¿j½(k)j2

¢k
g0(k)+

h
1 ¡

¡
1 ¡ ¿j½(k)j2

¢k
i h(k)

½(k)
; (3.41)

whereg0 is the initial gk of the series.The limit of this seriesfor k ! 1 exist if
¯
¯1 ¡ ¿j½(k)j2

¯
¯ < 1 ; (3.42)

from where we can derive

0 < ¿ <
2

j½(k)j2
: (3.43)

Those are the bounds for the choice of the relaxation parameter. In this case,
the limit of gk is

lim
k !1

gk (k) =

(
h(k)=½(k) 8 k where ½(k) 6= 0
g0(k) 8 k where ½(k) = 0

: (3.44)

In practice, with our data, the relative rms error RRE(g; ±g) has a minimum
at k{values smaller than k ¼ 100. With greater k{values, the RRE increases
again, and the seriesconvergestowards the generalizedsolution, which has a
minimal "2. With respect to the minimum of the RRE(g; ±g), the seriesis said
to be semi-convergent.

One important advantage of the Landweber method is, that it is very easyto
implement additional convex constraints on the image. Wesimply canproject gk

in each step onto the convex constraint set C with the corresponding projection
operator PC. This results in

gk+1 = PC
¡
T(gk )

¢
: (3.45)

For example, if we know that the values of the result must lie within a given
bound, we can transform gk (k) to gk (r ), apply the limit and transform back to
PC(gk ). This method is also called the projected Landweber method. Of course
in the caseof the projected method, we cannot use the explicit formula (3.41)
anymore, and we have to use the iterativ e formula (3.40). Also the condition
(3.43) is no longer valid, as larger valuesof ¿ may also lead to convergence.

3.6 Conjugated Gradien t metho d

The conjugate gradient method is a general numerical method to ¯nd minima
in multidimensions, usedalso for other applications than image processing. In
contrast to someother numerical optimization algorithms, this method usesnot
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only the function value itself but also the gradient information of the functional
that it has to minimize. Supposewe have a functional ©, which in the vicinit y
of the minimum can be approximated as a quadratic form

©(g) ¼ c¡ (b;g) +
1
2

(g; Ag) ; (3.46)

where ( ; ) denotesthe scalar product which is de¯ned by

(g; h) =
Z

g(k)h¤(k)dkx dky : (3.47)

A not sogood way of ¯nding the minimum of the functional is to just approach
it in the direction of its steepest descent, i.e. the gradient, until we reach the
minimum in this direction. The problem of this approach is, that if we are at
the minimum of a straight path, then the new gradient is always perpendicular
to the old path (see¯gure 3.5). So if we have to pass through a long narrow
valley, it takesmany steps,especially in many dimensions,until the minimum is
reached. Therefore the normal gradient is not such a good choicefor descending
the valley towards the minimum. Instead it is more advantageousto descend

Figure 3.5: The steepest descent method has the drawback, that it takes a lot
of small steps to approach the minimum of a long narrow valley.

in the direction of the conjugate gradient. The origin of the name conjugate
gradient residesin the following de¯nition: given two vectors, g and h, they are
said to be conjugate with respect to the operator A or also A{orthogonal if

(g; Ah) = 0 : (3.48)

Givena level surfaceof the functional and a point of this surface,the direction of
the conjugategradient at this point is the direction A{orthogonal to the tangent
plane. It can be shown that this direction always points towards the center of
the ellipsoid. This method obviously convergesmuch faster than the steepest
descent method, in fact in two dimensions,if the function is exactly of the form
(3.46), it only takesone line minimization 4. We omit the further derivation of
the results of the conjugate gradient method, as this topic is treated in many
textb ooks on numerical analysis, such as [6], [9] and [8]. In the special case
where we take as functional

©(g) = k½Pk g¡ hk (3.49)

wherePk is the projection operator onto the subspaceof all linear combinations
of ½¤h, j½j½¤h, j½j2½¤h, : : :, j½jk ¡ 1½¤h, we get a seriesgk

g0(k) = 0 (3.50a)

gk+1 (k) = gk (k) + ®k pk (k) ; (3.50b)

4A line minimization is a one dimensional minima search along a given straigh t path.
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v q
r

gmin

Figure 3.6: The conjugate gradient q always points to the center of the ellipsoid
de¯ned by the operator A, whereasthe normal gradient r is perpendicular to
the tangent v.

with

r 0(k) = p0(k) = ½¤(k)h(k) (3.50c)

®k =
kr k (k)k2

°
° j½(k)j jpk (k)j

°
° 2 (3.50d)

r k+1 (k) = r k (k) ¡ ®k j½(k)j2pk (k) (3.50e)

¯ k =
kr k+1 (k)k2

kr k (k)k2 (3.50f)

pk+1 (k) = r k+1 (k) + ¯ k pk (k) (3.50g)

In practice, as the Landweber method, this series is only semi-convergent to
the minimum of the RRE, i.e. after a certain number of iterations, a minimum
of the RRE, and after that the seriesdoes not converge to this minimum any
further.

3.7 Calibrating ¢ f with a constan t factor

One other method remains, namely that we just take the original image and
multiply it by a constant. If the resolution of the instrument is reasonablywell,
the other methods have to be compared against this most basic one. We can
include this method in our ordinary proceeding. Instead of restoring an imageby
deconvolving with an ICF, we merely divide ¢ f with a proportionalit y constant
®. Note that the proportionalit y constant is not simply the rms value of the
ICF. This is becauseif we assumethat ¢ f and H z are proportional by a factor
® we have

¢ f = ®¢H z =) ®2 ¢kH zk2 = k¢ f k2 = k ICF ¤H zk2 : (3.51a)

With the Parseval's theorem it follows that

k ICF ¤H zk2 =
°
° ICF( k)¢H z (k)

°
° 2

6=
°
° ICF( k)

°
° 2

¢
°
° H z (k)

°
° 2

; (3.51b)
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and therefore

®2 6= k ICF k2 : (3.51c)

Instead the constant ® must be separately calculated by

® =
kH zk
k¢ f k

: (3.52)

If only the information about the ICF is available, ® can still be approximated
by one of the other methods. From (3.52) we can derive

® =

°
° D(¢ f ; ICF)

°
°

k¢ f k
: (3.53)
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4 Calibration of MFM measuremen ts

4.1 Metho ds for measuring the Instrumen t Calibrating
Function

In our casewe have rather accurate information about the geometrical shape
of an individual cantilever tip, but on the other hand we have no exact infor-
mation on the magnetisation thereof. So we can only very roughly formulate a
theoretical model, from our knowledgeof M tip , for a corresponding Instrument
Calibrating Function, which we could use to calculate the stray ¯eld or the
magnetisation pattern with. So we will take another approach which is more
promising. We don't needto know the ICF, if we know the exact magnetisation
of the sample instead. We then measurethe ICF with a well de¯ned sample
stray ¯eld, instead of measuringa stray ¯eld with a well known probe tip mag-
netisation. Now the problem is shifted into ¯nding a sample with well de¯ned
magnetic properties.

In our approach we use thin Cu/Ni/Cu-La yers [10] , which always have
a magnetisation perpendicular to the layer surface, with a magnitude of the
saturation magnetisation. Another possibility would be small magnetic balls of
a well de¯ned sizeand magnetisation.

(a)

1nm

(b)

1 mm

(c)

Figure 4.1: (a, b) An uncalibrated stray ¯eld measurement of a Cu/Ni/Cu-La yer
sample whose magnetisation is always perpendicular to the surface, which is
re°ected also in their histogram (c).

With the Cu/Ni/Cu-La yer samples we still have no absolute knowledge
about the samplestray ¯eld, but weat leastknow that it is createdby a up-down
magnetisation pattern with ideally no intermediate valuesof the magnetisation
betweenthe two saturation levels. The saturation level is simply the saturation
magnetisation of the corresponding material which can be measured. But still
we cannot determine the exact shape of the pattern, without further e®ort. To
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do this, we would actually needto know the ICF.

4.2 Estimation of the sample magnetisation pattern

According to equations (2.8) we can describe the measureddata, for example
¢ f , as

¢ f (k) =: ICF ¢ f
H z

(k)H z (k) : (4.1)

Together with (2.7)

H z (k ; z) = HTF z(k ; z) ¢M z (k) ; (4.2)

we have

¢ f (k) = ICF ¢ f
H z

(k)¢HTF z(k ; z)¢M z (k) : (4.3)

In the above formula (4.3) we needto know the z{distance betweenthe sample
and the measurement plane. A simple technique to measurethis distanceis just
to let the cantilever tip slowly touch the sample surface, so that the distance
can be determined from the z{piezo position.

As a ¯rst approach, we can initially assumea ±{distribution for the product
ICF ¤ HTF z in the spacedomain. Then, in the fourier domain, the product
simply is a constant. This way ¢ f (k) and M z (k) get proportional to each
other. Now, if we model the magnetisation by a up-down magnetisation, i.e.
we say that there must be only two di®erent magnetisation values, we can
simply set a threshold level in the measuredimage, in the middle of the two
histogram peaks of ¯gure 4.1 (c). The values above and below the threshold
can then be assumedto be of the magnitude of the saturation magnetisation
of the usedsamplematerial. In practice, ¢ f (k) is not symmetric in r because

1 mm 1 mm

(a) (b)

Figure 4.2: Applying a simple threshold level to the measured image. The
magnitude of the image (b) is set to the saturation magnetisation M s. As can
be seen,small domain structures and featuresget lost, as they do not fall below
the threshold value becauseof them being smearedout.

of the asymmetric alignment of the cantilever with respect to the sample(lever
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canting). This e®ectis described by the LCF from equation (2.5). To remove
the e®ectof the lever canting we can use inverse ¯ltering with the LCF, as
discussedin section 3.1.

As we will seelater, this approach posesproblems,becauseour estimation of
the ICF is only asgood, asour knowledgeabout the samplemagnetisation. The
small errors intro duced in the modeling of the samplemagnetisation intro duce
an unwanted blur contribution in the ICF. On the other hand, if we look for
a more advanced method for modeling the sample magnetisation, we need to
improve the ±{approach, which means that we should include more a priori
knowledgeabout the ICF. But again the ICF completely dependson the sample
model. Therefore, the best approach is to look for a functional minimization
algorithm, that usesa priori information both about the ICF and the sample
magnetisation.

4.3 Calculation of the Instrumen t calibration function

Supposefor the moment, that we know the exact magnetisation of the Sample.
If we compare(4.3) with (3.3)

h(k) = ½(k)¹g(k) + ±h(k) ; (4.4)

we can seea direct correspondence,namely

¢ f (k) b= h(k) (4.5a)

ICF ¢ f
H z

(k) b= ¹g(k) (4.5b)

HTF z(k ; z) ¢M z (k) b= ½(k) (4.5c)

Now we can useoneof the deconvolution methods discussedin section3 to solve
ICF ¢ f

H z
= D(¢ f ; HTF z ¤M z ). We de¯ne the overall operator that estimates an

ICF from ¢ f by

ICF ¢ f
H z

= eD
¡
¢ f

¢
: (4.6)

We usedarti¯cial data, to determine the best parametersfor the deconvolution,
such as to minimize the overall RRE error.

4.3.1 In verse Filtering with non-linear Curv e Fitting

Since we can say, that the ICF has to be rather smooth, and decays with a
certain rate, our a priori information about the ICF is not usedvery well in the
methods described in section 3. If we have a rather accurate theoretical model
for the ICF function with a small amount of model parameters,wecould try to ¯t
our model to the InverseFiltering solution asanother approach to ¯nd the ICF.
Usually one would usefor examplea Marquardt non-linear ¯tting algorithm or
if our model is a rational function, a Chebyshev approximation as described
in [6]. In PV-WAVE, there are simple Library functions for curve¯tting, e.g.
CURVEFITor NLINSQ. We then would take the InverseFiltering result

ICF( k) =
¢ f

HTF z(k) ¢M z (k)
; (4.7)
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and ¯t an appropriate model function to it. We don't believe that this method
per seis very promising, becauseto model the ICF accurately a rather compli-
cated model would be required. However, this method can be combined with
the other methods,If we examine this approach more closely, it seemsthat also
this method is rather limited, since we would need many parameters to really
model the ICF accurately.

4.3.2 Calculate the ICF by minimizing a tailored functional

The algorithm for the estimation of the samplemagnetisation discussedin sec-
tion 4.2, is very limited, becauseit assumesa ±{distribution for the product
ICF ¤ HTF z, which is not the casein reality. A better approach is to directly
adapt the tikhonov algorithm to take into account both a priori information
about the ICF and the sample magnetisation. We can start with equation
(3.31), substitute the variables and derive

©(ICF ; M z ) =
°
° ICF ¤HTF z ¤M z ¡ ¢ f

°
° 2

+ ¹
X 2£

I CF
¤

: (4.8)

Now we add an additional functional, that getsminimal when the constraint on
the samplemagnetisation is best ful¯lled, say Q[M z ]. The functional then is of
the following form

©(ICF ; M z ) =
°
° ICF ¤HTF z ¤M z ¡ ¢ f

°
° 2

+ ¹
³

a§

X 2£
I CF

¤
+ aQ Q

£
M z

¤́
;

(4.9)

where a§ and aQ are coe±cients that have to be determined empirically.
Becauseour time was to short, we could not develop a usable algorithm

following this approach, although it would be the most promising, since as we
will seenin Figure 5.9 the model error contributes about 35%to the overall error
at a SNR of 20 dB. However we included our yet un¯nished line of thoughts
in the Appendix C. Basically the idea is to intro duce a functional as in the
tikhonov method, and include a priori information about the magnetisation
pattern.

4.4 Calibrating stra y ¯eld images

The approach for calculating the stray ¯eld or the samplez{magnetisation from
given ¢ f and ICF ¢ f

H z
is straightforward. We can directly start with equations

(4.4)

h(k) = ½(k)¹g(k) + ±h(k) ; (4.10)

and (4.3)

¢ f (k) = ICF ¢ f
H z

(k)¢HTF z(k ; z)¢M z (k) = ICF ¢ f
H z

¢H z (k) : (4.11)

with the correspondences

¢ f (k) b= h(k) (4.12a)

I CF ¢ f
H z

(k) b= ½(k) (4.12b)

H z (k) b= ¹g(k) ; (4.12c)
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to calculate the stray ¯eld H z . Now we only needto apply one of the methods
of section 3. We used arti¯cial data, to determine the best parameters for the
deconvolution, such as to minimize the overall RRE error.

We also might try to reconstruct the sample magnetisation, but as it is
obvious from equation (A.11) this magnitude cannot be determined, instead
the most we can do is to reconstruct the factor

fM sampl e =

0

@
¡ ik x =k
¡ ik y =k

1

1

A ¢M (k) : (4.13)

In the special case,wherethe magnetisation is always perpendicular to the sam-
ple surface, i.e. M (k) = M z (k), this corresponds to the samplemagnetisation.
We can calculate fM sampl e by applying one of the deconvolution methods with
the correspondences

¢ f (k) b= h(k) (4.14a)

I CF ¢ f
H z

(k) ¢HTF z(k ; z) b= ½(k) (4.14b)

M z (k) b= ¹g(k) : (4.14c)
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5 Results

5.1 Error contributions

It is very instructiv e, to examine the di®erent error contributions more closely.
In section 3 we treated the theoretical minimization of the errors intro duced
by noisy data and of the error inherent to the deconvolution method due to
the ¯ltering process,which cannot be minimized independently , aschanging the
parameters of the deconvolution procedure changesboth simultaneously. The
initial error of the function we deconvolve with is an additional error source,in
both deconvolution processeswe examined. Furthermore, the error in the ICF
is largely in°uenced by the error of the estimation of the magnetisation pattern.
To be able to compareerrors, we usethe RRE

RRE(h; ±h) =
k±hk

kh ¡ ±hk
=

k±hk
k¹hk

; (5.1)

given an image h and its absolute error ±h, intro duced in section 3.1. We will
also usethe MSEIF, but the MSEIF is only suited to measurethe overall error
during the restoration of an image. We now can measureerrors for di®erent
methods and noise levels. To estimate the errors, we have to use arti¯cial
images,where we have the original sourcesat hand. As arti¯cial noise,we use
white gaussiannoise.

5.1.1 Errors inheren t to the deconvolution metho ds

We ¯rst treat the casewherewe calculate an ICF. To estimate the error inherent
to the calculation method, we use an arti¯cial sample, characterized by its
magnetisation M z and the z{transfer function HTF z, and an arti¯cial ICF.
With this we can simulate an image ¹h without noiseand h with noise. Now we
apply one of the deconvolution methods to h and get a calculated ICF 0 with
noise. Additionally we apply the deconvolution with the sameparameters to ¹h
and get a calculated ICF

0
without noise. We summarize

H z = HTF z ¤M z (5.2a)
¹h = ICF ¤H z (5.2b)

h = ¹h + ±h (5.2c)

ICF 0 = D(h ; H z ) (5.2d)

ICF
0

= D(¹h ; H z ) D with the sameparametersas in (5.2d) : (5.2e)

Now we can de¯ne

±ICF noise := ICF 0¡ ICF
0

(5.3a)

±ICF ¯lter := ICF
0
¡ ICF (5.3b)

±ICF total := ICF 0¡ ICF = ±ICF noise + ±ICF ¯lter : (5.3c)

For the corresponding RRE's we have

RRE(ICF ; ±ICF total ) · RRE(ICF ; ±ICF noise )+

RRE(ICF ; ±ICF ¯lter ) :
(5.4)
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As we see,in the generalcase,the individual relative rms errors are not additiv e.
If we analyze the errors in the spacedomain where we have only real quanti-
ties, we see,that this is of coursebecausethe di®erent error contributions may
nullify each other. Neverthelesswe can use the them to estimate the relative
contribution of the error terms to the overall error. We plotted the results
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Figure 5.1: Total RRE errors of a reconstructed ICF at di®erent noise levels
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Figure 5.2: RRE contributions relative to the total RRE error of a reconstructed
ICF at di®erent noise levels

of this calculations in ¯gure 5.1 and 5.2. It turned out, that over the whole
noiserange the simple lowpassmethod performed considerablybetter than the
tikhonov method and the conjugate gradient method.

The sameformulas of courseapply also for H z . Now we take a known ICF
and an arti¯cial stray ¯eld H z . Again, we simulate an image ¹h without noise
and an image h with noise. By applying one of the deconvolution methods we
get the stray ¯elds H

0
z and H 0

z . We can summarize

h = ICF ¤H z (5.5a)
¹h = h + ±h (5.5b)

H 0
z = D(h ; ICF) (5.5c)

H
0
z = D(¹h ; ICF) D with the sameparametersas in (5.5c) ; (5.5d)
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and

±H z;noise := H 0
z ¡ H

0
z (5.6a)

±H z;¯lter := H
0
z ¡ H z (5.6b)

±H z;total := H
0
z ¡ H z = ±H z;noise + ±H z;¯lter : (5.6c)

The results are shown in ¯gure 5.3. In ¯gure 5.5 we show the restored H 0
z at
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Figure 5.3: Total RRE errors of a reconstructed H 0
z at di®erent noise levels
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Figure 5.4: RRE contributions relative to the total RRE error of a reconstructed
H 0

z at di®erent noise levels

a very high SNR of 8 dB, so that the artifacts of the di®erent method are well
visible. In the actual experiment we had signal to noise ratios of about 20 dB.
The H z {grayscalesof the imagesare not identical. The imageswere calculated
out of a ¢ f image with SNR 8 dB, but to be able to comparethe results with
the original, in image a) the original H z is plotted also with a SNR of 8 dB.
It can be seen,that tikhonov and conj. gradient perform nearly equally well,
whereasthe Landweber method falls somewhatshort. As expected, the division
method is not usable in this case,whereasthe lowpassmethod RRE increases
at higher signal to noiserates. The Landweber method wasnot plotted in ¯gure
5.3, becausethe Landweber method is a slow method and we did not calculate
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optimal results for all noise levels. Furthermore it's error was around 70% for
all noise levels and therefore this method was barely usable.

d)

1mm

f)

c)

e)

b)a)

Figure 5.5: a) original H z with noise,SNR 8 (dB). reconstructed imagesH 0
z : b)

inverse¯ltering, MSEIF -26 (dB); c) Tikhonov, MSEIF -2.2; d) conj. gradient,
MSEIF -1.5 (dB); e) lowpass,MSEIF -7.4; f ) Landweber, MSEIF -8.2. To show
the e®ectsof the di®erent methods, the calculation has beenmade with a high
noise level of SNR 8 dB.

5.1.2 Magnetization pattern estimation error contribution

It turns out, that the most important source of error is the systematic error
intro duced by the insu±ciency accurate estimation of the initial magnetisation
pattern. Becausethis is a systematic error, it cannot be reducedby merestatis-
tics, whereasthe noise contribution discussedin section 5.1.1 can be reduced
with statistics. To estimate the contribution of this error, we again usearti¯cial
data. We start with M z and ICF. As before,we simulate h and ¹h and calculate
ICF 0 and ICF

0
, as in (5.2). Now we additionally apply the method for estimat-

ing an ICF from a given image h and ¹h and get ICF 00 and ICF
00

respectively.
We get

ICF 00:= eD(h) (5.7a)

ICF
00

:= eD(¹h) ; (5.7b)

where eD is de¯ned in (4.6), and

±ICF noise := ICF 00¡ ICF
00

(5.8a)

±ICF pattern := ICF
00

¡ ICF
0

(5.8b)

±ICF ¯lter := ICF
0
¡ ICF (5.8c)

±ICF total := ICF 00¡ ICF = ±ICF noise + ±ICF pattern + ±ICF ¯lter :
(5.8d)

The results are shown in the ¯gures 5.6 and 5.7.
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Figure 5.6: Total RRE errors of a reconstructed ICF 00at di®erent noise levels
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Figure 5.7: RRE contributions relative to the total RRE error of a reconstructed
ICF 00at di®erent noise levels

5.1.3 ICF error contribution

Now we want to analyze the overall error made in our whole procedure. Again
we start with M z;0 and ICF. We proceedas before and calculate ICF 0, ICF

0
,

ICF 00 and ICF
00

as in section 5.1.2. This time, however, we only use the one
method, which minimizes the error. To make sure, that the intro duced model
errors in the ICF's do show up, we need to make statistics with the ICF's, i.e.
we needto make several measurements and take the averageICF's. Otherwise
the ICF's will adapt to the best solution which solvesthe individual inaccurate
problem, which meansthat while we can have a big error in the ICF, the ICF
is such that it will compensate the model error in the magnetisation, so that
the stray ¯eld H 00

z will only have a small error. With those ICF's we then can
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calculate the corresponding stray ¯elds. We then get

H z = HTF z ¤M z;0 (5.9a)

H 0
z = D(h ; ICF 0) (5.9b)

H
0
z = D(¹h ; ICF

0
) D with the sameparametersas in (5.9b) (5.9c)

H 00
z = D(h ; ICF 00) (5.9d)

H
00
z = D(¹h ; ICF

00
) D with the sameparametersas in (5.9d) (5.9e)

(5.9f)

and

±H z;noise := H 00
z ¡ H

00
z (5.10a)

±H z;pattern := H
00
z ¡ H

0
z (5.10b)

±H z;¯lter := H
0
z ¡ H z (5.10c)

±H z;total := H 00
z ¡ H z = ±H z;noise + ±H z;pattern + ±H z;¯lter : (5.10d)

To estimate the improvement we could make if we improved the algorithm to
calculate the ICF to avoid the modeling error at all, we also investigate the best
possibleerror that can be achieved by such an improvement

±H z;optimal := H 0
z ¡ H z : (5.11)

The results are shown in the ¯gures 5.8, 5.9 and 5.10. The total and optimal
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Figure 5.8: Total RRE errors of a reconstructed H 00
z at di®erent noise levels

RRE errors are shown in ¯gure 5.8, in ¯gure 5.10 we show a calculated ICF 00

and the restored H 00
z at a realistic SNR of 20 dB. This still is not yet the true

error of the experiment, since we are still calculating with arti¯cial data. The
real measureddata lead to a further increaseof the model error term. But since
we have no imageswithout noise, we cannot estimate it's error. We can only
look at the reconstructed images.
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1mm

b)a) c)

f)e)d)

Figure 5.10: a) tikhonov H 00
z at SNR 20 dB, b) gradient H 00

z SNR at 20 dB, c)
tikhonov H 0

z at SNR 20 dB, e) gradient H 0
z at SNR 20 dB, e) ICF f) ICF 00at

SNR 20 dB
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5.2 Calibrating MFM measuremen ts

Until now, we only used arti¯cial data. If we use real data, the modeling er-
ror will get worse, becausethe assumptions about the magnetisation are not
exactly ful¯lled. However, we cannot estimate the error, becausewe have no
pure imageswithout noise, so we brie°y show in ¯gure 5.11 the resulting im-
ages. Additionally , we can also reconstruct fM sampl e as de¯ned in (4.13) which
corresponds to M z in the caseof perpendicular magnetisation.

1mm

b)a) c)

Figure 5.11: a) original ¢ f MFM image with ¼ SNR 20 dB, b) restored H z , c)
restored fM sampl e.
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6 Conclusion

As could be seenin section2, it is possibleto include all parametersrelevant to
the calibration of an instrument into a function, called the Instrument Calibra-
tion Function (ICF), according to equations (2.8)

¢ f (k) = ICF ¢ f
H z

(k)H z (k) ; (6.1)

where ¢ f is a frequencyshift measurement MFM image, and H z the measured
stray ¯eld.

In section3 it wasshown, that in most casesa more advanceddeconvolution
method than just a division in (6.1) is needed,to restore the original H z from
¢ f . The operator D(¢ f ; ICF) was intro duced to describe this deconvolution
operation of the MFM image,and several methods to approximate this operator
in the caseof noisy images.

In section4 thesemethods are re¯ned and tuned for the task of determining
the ICF from a measured¢ f and an estimated stray ¯eld H z . Additionally a
basic approach is intro duced to estimate the stray ¯eld of special Cu/Ni/Cu-
Layers with special magnetic properties. This turns out to be the most crucial
and error sensitive task in the processof the determination of the ICF.

In section 5 quantitativ e evaluations of restoration errors of the di®erent
methods and dependenciesof these errors on the signal to noise ratio as in-
tro duced in section 3 are discussed. As was expected, the noise has a great
in°uence on the best possiblerestoration errors. The resulting H z imagesare
shown in ¯gures 5.5, 5.10 and 5.11. The methods that performed best were
the lowpassand conjugate gradient methods in determining the ICF, and the
conjugate gradient and Tikhonov methods for restoring H z .

It was found, that the resolution of the restored images decreasesgreatly
compared to the original imageswith higher signal to noise ratios, if the ICF
cannot be calculated very accurately. As can be seenin ¯gure 5.9, the main
obstacle to calculate the ICF more accurately is the too simplistic algorithm
to estimate the samplemagnetisation, that leadsto moderate systematic errors
in the resulting ICF. When the results of the algorithm are compared to the
results of calculations with correct ICF's as in ¯gure 5.8, the theoretically pos-
sible improvement can be estimated. At a signal to noise ratio of 20 dB the
improvement corresponds to a decreaseof the overall RRE error from about
73% to 49%, which is still a considerableoverall error. Neverthelessthis would
be an acceptable error and an acceptable limitation on the image resolution.
With the present algorithm the decreasein resolution is such, that a restoration
of the original stray ¯eld H z from the original deconvoluted image¢ f by a mere
proportionalit y constant may be favorable, as can be seenin ¯gure 5.8. We can
conclude,that the useof the algorithms in the present implementation is either
bound to a loss in resolution or a loss in accuracy.

A key point for improvement is the estimation of the ICF, where a mod-
erate error improvement would be possible. With this improvement, the loss
of resolution could be shifted within an acceptablerange. The main ideas for
an improved algorithm are outlined in appendix C. Another point for improve-
ment, is to implement a routine that adapts an ICF to di®erent image sizes,as
in the present implementation, the ICF and the MFM image have to be of the
samesizeand resolution.
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A Deriv ation of the Form ulas for the Magnetic
Fields

A.1 Magnetostatic Fields in Fourier Space

For our further discussion,we assumein direct spacea coordinate system with
the xy-plane corresponding to the sample surfaceand the cantilever tip being
in a positive z-distance thereof. For the calculation of the force on the tip it is
useful to derive someproperties of the magnetic ¯eld of the sample in Fourier
space:

² The area above the sample is current free and does not contain time-
varying electrical ¯elds, thereforethe rotation of the stray ¯eld is zero(r £
H = 0). The stray ¯eld canthen beexpressedasthe gradient of a magnetic
scalar potential, ÁM : H = ¡r ÁM . To calculate the magnetic scalar
potential, it is useful to de¯ne magnetic charges, in correspondence to
electrostatics. The magnetic volume chargedensity, ½M and the magnetic
surfacecharge density, ¾M , are de¯ned as:

½M := ¡r M (A.1a)

¾M := (M i ¡ M o) ¢n : (A.1b)

The magnetic scalar potential can then be calculated using the Laplacian
of the scalar potential, given by r 2Ám = ¡ ½M , and @ÁM ;i

@n ¡ @ÁM ;o

@n = ¾M .

² There is no magnetization outside the sample, therefore the Laplacian of
the scalar potential is equal to zero.

² The nabla operator is described in 2D-Fourier spaceas:

r = (ik x ; ik y ; @=@z) : (A.2)

Combining the last two properties, oneeasily derivesthat a sinusoidal potential
decays exponentially with the product of the magnitude of the k-vector, k =q

k2
x + k2

y , and the distance from the sample:

Á(k; z) = Á(k; 0)e¡ kz : (A.3)

From the relation betweenscalar potential and stray ¯eld, it is clear that stray
¯eld components will also decay exponentially . The last, and most important
property can easily be derived from the previous relation: If the nabla operator
is applied to sourcefree ¯elds, it can also be written as a function of k instead
of a di®erential operator:

r (k) = (ik x ; ik y ; ¡ k) : (A.4)

Therefore, the magnetic scalarpotential, and thereby all stray-¯eld components
in the xy-plane, can be determined from a measurement of the stray ¯eld in the
z-direction, H z , except for their averagevalue, H (kx = 0; ky = 0), using the
relations

ÁM (k ; z) = ¡
1
k

H z (k ; z) (A.5a)

H (k; z) = ¡
r
k

H z (k ; z) : (A.5b)
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The samereconstruction cannot beperformedusing only the x- or y-component
of the stray ¯eld, therefore, measuring thesecomponents independently makes
little sense.

A.2 Stra y Field of a Magnetic Layer in Fourier Space

It is instructiv e to derive the relation between the sample magnetization, and
the stray ¯eld of the sample,becausethis is not done very clearly in literature.
For a sample with a volume charge ½, that is independent of the depth in the
sample,and with a magneticsurfacecharge¾top = ¡ ¾bottom = ¾, the di®erential
equationsfor the scalar magnetic potential in Fourier space,can be given using
the relations derived in section A.1

inside:

r 2ÁM ;i = ¡ ½(k) (A.6a)

ÁM ;i (k ; z) = A1(k)ekz + A2(k)e¡ kz +
½(k)
k2 (A.6b)

outside:

r 2ÁM ;(a;b) = 0 (A.6c)

ÁM ;(a;b) =

(
A3(k)e¡ kz (above sample)
A4(k)ekz (below sample)

: (A.6d)

Using the boundary conditions for z = 0 and z = ¡ d

ÁM ;i = ÁM ;(a;b) (k) and
@2ÁM ;i (k ; z)

@z2 ¡
@2ÁM ;(a;b) (k ; z)

@z2 = ¾(k) ;

(A.7)
one ¯nds

A1(k) =
1
2

µ
¾(k)

k
¡

½(k)
k2

¶
(A.8a)

A2(k) = ¡
e¡ kd

2

µ
¾(k)

k
+

½(k)
k2

¶
(A.8b)

A3(k) = ¡
1 ¡ e¡ kd

2

µ
¾(k)

k
+

½(k)
k2

¶
(A.8c)

A4(k) = ¡
1 ¡ ekd

2

µ
¾(k)

k
¡

½(k)
k2

¶
: (A.8d)

Inserting the A's, one gets

ÁM ;i (k ; z) =
·

½(k)
k2

³
1 ¡ e¡ k d=2 cosh

¡
k(z + d=2)

¢́

+
¾(k)

k
e¡ k d=2 sinh

¡
k(z + d=2)

¢
¸

(A.9a)

ÁM ;a (k ; z) = sinh(k d=2)
µ

½(k)
k2 +

¾(k)
k

¶
e¡ k (z+ d=2) (A.9b)

ÁM ;b(k ; z) = sinh(k d=2)
µ

½(k)
k2 ¡

¾(k)
k

¶
ek (z+ d=2) : (A.9c)
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If it is assumedthat the samplehasa magnetic domain structure with a uniform
magnetisation, M , throughout its thickness d, ½ and ¾ can be replaced by
½= ¡r ¢M = ¡ ik x M x ¡ ik y M y and ¾= M z

H (k; z) = ¡r ÁM ;a (k ; z)

= ¡
r
k

sinh(k d=2)e¡ k (z+ d=2)

0

@
¡ ik x =k
¡ ik y =k

1

1

A ¢M (k) : (A.10)

Sincewe are only interested in H z , together with (A.5b)we further have

H z (k ; z) = sinh(k d=2)e¡ k (z+ d=2)

0

@
¡ ik x =k
¡ ik y =k

1

1

A ¢M (k) ; (A.11)

and if the Magnetisation M is everywhereperpendicular to the samplesurface,
that is M (k) = M z (k)ez , H z becomes

H z (k ; z) = sinh(k d=2)e¡ k (z+ d=2) M z (k) : (A.12)
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B Minimization of the ©(g; h) functional

In section 3 and 4.3 we de¯ned the general functional

©(g ; h) =
°
° ½(k)g(k) ¡ h(k)

°
° 2

+ ¹
X 2¡

g(k)
¢

; (B.1)

with the Lagrange multiplier ¹ . In section 3 ¿ must be set to ¿(k) = 1. We
further have

X 2
(g) =

Z
P(k)

¯
¯g(k)

¯
¯2

dkx dky ; (B.2)

and from equation (3.34) it follows that P(k) ¸ 0. Now we are interested in
the function g¹ that minimizes the functional. If we write © out, with equation
(3.33) we get

©(g ; h) =
Z ¯

¯½(k)g(k)¡ h(k)
¯
¯2

+ ¹P (k)
¯
¯g(k)

¯
¯2

dkx dky ; (B.3)

what we can rewrite as

©(g ; h) =
Z ¯

¯½(k)
¯
¯2¯

¯g(k)
¯
¯2

+
¯
¯h(k)

¯
¯2

¡ ¹P (k)
¯
¯g(k)

¯
¯2

¡ ½(k)g(k)h¤(k) ¡ ½¤(k)g¤(k)h(k) dkx dky (B.4)

=
Z ³ ¯

¯½(k)
¯
¯2

+ ¹P (k)
´ ¯

¯g(k)
¯
¯2

¡ 2Re
£
½(k)g(k)h¤(k)

¤

+
¯
¯h(k)

¯
¯2

dkx dky (B.5)

=
Z ³ ¯

¯½(k)
¯
¯2

+ ¹P (k)
´

¢

¯
¯
¯
¯
¯
g(k) ¡

½¤(k)h(k)
¯
¯½(k)

¯
¯2

+ ¹P (k)

¯
¯
¯
¯
¯

2

+
¹P (k)

¯
¯½(k)

¯
¯2

+ ¹P (k)

¯
¯h(k)

¯
¯2

dkx dky : (B.6)

Now for any ¹ > 0 the functional ©(g ; h) is minimal if and only if the magnitude
in the ¯rst term is zero. It follows for the function g¹ (k) that minimizes ©(g ; h)

g¹ (k) =
½¤(k)

¯
¯½(k)

¯
¯2

+ ¹P (k)
h(k) : (B.7)
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C Principles of an impro ved estimation of the
ICF

We will develop here the idea stated in section 4.3.2, to look for a functional
minimization algorithm that simultaneously usesa priori information about the
ICF and the samplemagnetisation. To keepthings simple, we might usea nu-
merical minimization algorithm that performs well enoughin many dimensions.
PV-WAVE provides a library routine FMINVfor exactly this purpose. If we keep
our functional simple, we might be able to analytically calculate the gradient,
so we could usean advancedmethod to ¯nd the minimum or even analytically
solve the problem with the method of lagrange multipliers and get a tailored
regularization method.

At ¯rst we try to develop a suited functional similar to the one usedfor the
tikhonov method. As we remember from section 3, in the most simple casewe
have

©(g) =
°
° ½¤g¡ h

°
° 2

: (C.1)

In our application this expandsto

©(ICF ; M z ) =
°
° ICF ¢ f

H z
¤HTF z ¤M z ¡ ¢ f

°
° 2

: (C.2)

In the spacedomain it is very easy to model a criteria Q(M z ) on the sample
magnetisation, that it should consist only of two values § M s. One possibility
would be the simple functional

Q
£
M z (r )

¤
=

Z ¡
° M z (r )

¢4
¡ 2

¡
° M z (r )

¢2
+ 1 dxdy with ° :=

1
M s

;

(C.3)
or another

Q
£
M z (r )

¤
=

1
M s

Z q ¯
¯M 2

s ¡ M z (r )2
¯
¯ dxdy : (C.4)

If we look for an analytical solution, this doesnot help us much, sincewe can

0
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Figure C.1: The integrand of the two alternativ e functionals Q, plotted with
M s = 3. Q reaches it's minimum, when M z (r ) = § M s 8r .
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calculate (C.2) e±ciently only in the fourier domain. However, we can write the
functional © as

©(ICF ; M z ) =
°
° ICF ¤HTF z ¤M z ¡ ¢ f

°
° 2

+ ¹
³

aQ Q
£
M z

¤
+ a§

X 2£
I CF

¤́
:

(C.5)

Where ¹ is the lagrangemultiplier and aQ and a§ are coe±cients that have to
be tailored by hand. The functional is quadratic in the ICF. Now we might
be able to use a numerical minimization algorithm, to ¯nd the simultaneous
solution for the ICF and for M z . We can develop © to

©(g; m; h) =
°
° m(k)½(k)g(k) ¡ h(k)

°
° 2

+ ¹
³

aQ Q
£
m(r )

¤
+ a§

X 2£
g(k)

¤́
;

(C.6)

where m b= M z , g b= ICF, ½b= HTF z and h b= ¢ f . If we write ©(g; m; h) out,
we get

©(g; m; h) =
Z Ã

¯
¯m(k)½(k)

¯
¯2

+ ¹a § P(k)

!

¢

¯
¯
¯
¯
¯
g(k) ¡

m¤(k)½¤(k)h(k)
¯
¯m(k)½(k)

¯
¯2

+ ¹a § P(k)

¯
¯
¯
¯
¯

2

+
¹a § P(k)

¯
¯m(k)½(k)

¯
¯2

+ ¹a § P(k)

¯
¯h(k)

¯
¯2

dkx dky

+ ¹a Q Q
£
m(r )

¤
: (C.7)

Becauseall terms are positive, we can set the ¯rst term to zero, an we get
analogousto (B.7)

g¹ (k) =
m¤(k)½¤(k)

¯
¯m(k)½(k)

¯
¯2

+ ¹a § P(k)
h(k) : (C.8)

With the other terms we can derive

©(g¹ ; m; h) =
Z

¹a § P(k)
¯
¯m(k)½(k)

¯
¯2

+ ¹a § P(k)

¯
¯h(k)

¯
¯2

dkx dky

+ ¹a Q Q
£
m(r )

¤
: (C.9)

If we look at this equation more closely, it may be interesting to note that the
integrand is in fact

¹a § eP(k)
¯
¯m(k)½(k)

¯
¯2

+ ¹a § P(k)

¯
¯h(k)

¯
¯2

= ¹a § P(k)g¹ (k)
h¤(k)

m¤(k)½¤(k)

¼ ¹a § P(k)
¯
¯g¹ (k)

¯
¯2

: (C.10)
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We clearly seenow, that to ¯nd a fast algorithm or even an analytical solution
it would be essential to ¯nd a Q that can be explicitly formulated also in the
fourier domain, what might be impossible. Numerical optimization algorithms
areprobably beyond scopetoo (their running time would be in the rangeof hours
up to days), becausewe have a dimensionality of 256£ 256= 65535and already
the functional itself needsof order 256£ 256multiplications to be calculated. If
both variablesm(k) and m(r ) remain in the functional, we probably cannot give
an analytical formula for the gradient without further tric ks, and therefore we
cannot minimize © analytically nor usea numerical method that usesgradient
information, as for example the conjugate gradient method. But there is still
oneway left. We might usethe linearit y of the FFT, sothat for small deviations
of m(r ) we can calculate the deviation of m(k) without FFT. If we look at a
deviation ±m±(r ) that just modi¯es one pixel by a value of one, i.e. a step
function that is oneat a certain position (x; y) and otherwisezero, we probably
can give an analytical function for its fourier transform. We can state that

m(r ) + Am ±(r ) = m(k) + Am ±(k) : (C.11)

Now we have

Q
¡
m(r )+ Am ±(r )

¢
= Q

¡
m(k)+ Am ±(k)

¢
(C.12)

If we assume,that © is separablein x i and yi we can formulate a very simple
algorithm, that at least givesan improvement over the even more simplistic level
algorithm from section 4.2. We then take an image with m(r ) = § M s, switch
the individual pixels and take the value that yields a smaller ©. We can even
improve the algorithm, if we allow ¯v e di®erent values§ M s, § M s=2 and 0. We
can explain such values by a higher resolution and domains smaller than the
pixel size. Still, this algorithm needsof order 65536£ 65536multiplications, and
doesonly give a moderate improvement. In practice © is not separable,so that
the order in which the pixels are examinedis of importance. Maybe it would be
possible to approximate the functional to reduce the order of multiplications,
but this was not further investigated. But we estimate that if implemented in
PV{W AVE, this algorithm would complete within an hour, if written in C++
probably in 10 minutes.
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D Description of the implemen ted routines

D.1 Ads

This function calculatesan estimate of the averagedomain sizeof a given
MFM image.

Syn tax

res = ADS(image, dx, dy)

Input

image an MFM image
dx, dy pixel size in m
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D.2 Assert

Checks the critical program condition 'expr'. If the condition is violated
'msg' is printed an STOP is called.

Syn tax

ASSERT, expr [, msg]

Input

expr the critical program condition 'expr' to check.
msg in the caseof an error, the messageto display.
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D.3 Mfm tf

Computes a transfer function.
The program is basedon a theory described in Hug et al., J.Appl.Phys.,
1998,and in Pieters Ph.D. Thesis.

Syn tax

mfm tf, nx, dx, ny, dy, tf in, derivative, transform, z, A, $
theta, phi, d, deltaw

Parameters:

nx, ny number of pixels in x, y{direction of the image for
which the transfer function is to be calculated

dx, dy size in m of one pixel in x, y{direction
tf in array containing a transfer function (eg. the intrument

calibration function or the tip equivalent charge.
(In Fourier space). If tf in is not 2{Dimensional,
a point monopole (= °at) transfer function is used.

derivative 0: no changein units
1: calculate z{derivative

transform 0: no coordinate transform
1: convert z{component to n{component
2: convert z{component to n{derivative

z height distance in m from the input data and the
result data when the transfer function is applied, in
case1. this would be the distance to the upper sample
surface.

A vibration amplitude in m, set A to zero to usethe
small amplitude approximation.

theta angle betweenthe (upward) lever normal and the z{axis.
in [rad] (0 { Pi) (usually {12 degrees)

phi angle betweenthe (upward) lever normal and the x{axis.
in [rad] ({Pi { Pi) (usually {90 degrees)

d In case1., it is the samplethickknessin n,
d < 0 meansan in¯nite samplethickness
In the other cases,d must be set d := 0.

deltaw domain wall width in m, according to de¯nition:
detaw = pi ¤ sqrt(A/K)
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D.4 Rms

This function calculatesthe root{mean{square of its argument.

Syn tax

res = RMS(x)
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D.5 Rre

This function calculatesthe relative rms error.

Syn tax

res = RRE(g, dg)

Input

g image (2D array)
dg absolute image error (2D array)
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D.6 Snr

This function calculatesthe signal to noiseratio of its arguments.

Syn tax

res = SNR(h, dh)

Input

h image (2D array)
dh image error (2D array)
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D.7 Tf artiicf

This Function calculatesan algebraic ICF and a Transfer Function.

Syn tax

tf artiicf, theta, phi, A, z, d, deltaw, nx, ny, dx, dy, ic®t, ht®t

Input

theta angle betweencantilever normal and z{axis of the
instrument in degrees

phi angle betweencantilever normal and x{axis of the
instrument in degrees

A vibration amplitude in m
z shortest distance betweentip apex and the top of the

magnetic layer in the sample in m during the
vibration cycle

d thicknessof the magnetic layer in the sample in m
deltaw domain wall width in m, according to de¯nition:

deltaw = pi ¤ sqrt(A/K)
nx, ny image size in pixels
dx, dy size in m of one pixel in x{, y{direction

Output

ic®t FFT of calculated ICF
ht®t FFT of calculated z{transfer function HTF

Keyw ords

STATIC MODE static MFM mode
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D.8 Tf bar

This proceduredisplays a progressbar.

It must be repeatedly called with increasingvaluesof the i
parameter, from i=0 to i=max (the parameter max must remain constant).
No valuesof i in the range of 0 to max must be ommited.

Syn tax

tf bar, i, max

Input

i number of current iteration (0 < = i < = max)
max number of total iterations
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D.9 Tf calcicf

This procedure incrementally calculatesan averageinstrument calibration
function (ICF) or transfer function using an MFM image of a
surface{perpendicular magnetisation pattern, and its saturation magnetisation
value. It ¯rst usesa simulated calculation with approximate testdata to
optimize calculation parameters. The parameter 'icf ft' is either empty or
sepci¯es the mean ICF value from previous calculations. If 'icf ft' is
unde¯ned or a one{dimensional value, a new ICF is created. After the
calculation the new mean ICF value is stored in icf ft out.

Syn tax

tf calcicf, mfm image, icftf in, n icfs, stdev in, rre in, param in, $
noise, theta, phi, A, z, d, deltaw, dx, dy, Ms, icf ft out, n icfs out, $
stdev out, rre out, param out

Input

mfm image input MFM image (2D array)
icf ft if size= 2D array:

the mean value of previously calculated ICF's in
Fourier spaceor an approximation of the ICF, usedto
calc the best parameters for the algorithm.

if size= single number or unde¯ned:
an arti¯cial ICF is usedfor the estimation of the
optimal parameters.

n icfs number of ICF's usedto calculate mean value
stdev in approx. standard deviation of the ICF's usedto

calculate mean value (not exactly the stdev)
rre in mean value of approx. RRE deconvolution error
param in if this is an array or a single number:

best parametershint for deconvolution
if this is unde¯ned:

recalculate best parameters
noise description of the noise in the mfm sourceimage

if size= 2D array: a noise image
if size= single number: signal to noiseratio

theta angle betweencantilever normal and z{axis of the
instrument in degrees

phi angle betweencantilever normal and x{axis of the
instrument in degrees

A vibration amplitude in m
z shortest distance betweentip apex and the top of the

magnetic layer in the sample in m during the
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vibration cycle
d thicknessof the magnetic layer in the sample in m
deltaw domain wall width in m, according to de¯nition:

deltaw = pi ¤ sqrt(A/K)
dx, dy pixel size in m
Ms saturation magnetisation of the probe material

Output

icf ft out FFT of the new averageICF (2D array)
n icfs out new number of ICF's usedto calculate mean value

(n icfs + 1)
stdev out approx. standard deviation of the ICF's usedto

calculate
rre out mean value of approx. rel. rms. deconvolution error
param out best parametersusedfor deconvolution

Keyw ords

STATIC MODE if set, the mfm image was measuredin static mode
OBSERVE if set, shows calculation progressis displayed
SHOWRRE if set, prints out RRE errors of di®erent methods
CALC PARAM if set, forcescalculation of new optimal parameters,

independently of what the type of 'param' is.
DEBUG if set, show debuggingoutput
PLOTRES if set, plots an image of the result ICF in the space

domain to the sxm channel 49 and window 'x'
METHOD only usethis method for calculating ICF

1: division
2: tikhonov
3: conj. gradient
4: lowpass

DF0 2D array of the arti¯cial original Delta f,
usedto calculate the MSEIF.

ICF0 FT 2D array of the FFT of the arti¯cial original ICF,
usedto calculate the MSEIF.

PATTERN 2D array of the arti¯cial magnetisation pattern
usedto create the mfm image
This option allows it to do the calculation with
arti¯cial
data, derived from PATTERN.

ERRORS array of error values
[stdev, < RRE> , RRE', SNR, SNR', MSEIF]
stdev: standard deviation of the ICF sequence
< RRE> :mean RRE error of the ICF's
RRE': RRE error of the newly calculated ICF
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SNR: Signal to noiseratio of the MFM sourceimage
SNR': Signal to noiseratio of the newly calculated

ICF
MSEIF:Mean squareerror improvement factor of the

newly calculated ICF.
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D.10 Tf calcicfw

This procedure incrementally calculatesan averageinstrument calibration
function (ICF) or transfer function using an MFM image of a
surface{perpendicular magnetisation pattern, and its saturation magnetisation
value. It ¯rst usesa simulated calculation with approximate testdata to
optimize calculation parameters. The parameter 'icf' speci¯es either a
¯lename or a sxm channel, where the last mean ICF is stored. If the ¯le or
the channel doesnot exist, a new ICF is created. After the calculation the
new mean value is again stored in the sameplace.

Syn tax

tf calcicfw, icf, mfm image, param, noise, theta, phi, A, z, d, deltaw, $
dx, dy, Ms, icf ft out, n icfs out, stdev out, rre out, param out

Input

icf if this is a string: ¯lename of the ICF ¯le.
if this is an integer: sxm channel number of the ICF

data channel
mfm image input MFM image (2D array)
param a parameter array of parameters for the calculation.

if size= array: best parametershint for deconvolution
if size= single number: recalculate best parameters

noise description of the noise in the mfm sourceimage
if size= 2D array: a noise image
if size= single number: signal to noiseratio of

mfm image

theta angle betweencantilever normal and z{axis of the
instrument in degrees

phi angle betweencantilever normal and x{axis of the
instrument in degrees

A vibration amplitude of the cantilever in m
z shortest distance betweentip apex and the top of the

magnetic layer in the sample in m during the
vibration cycle

d thicknessof the magnetic layer in the sample in m
deltaw domain wall width in m, according to de¯nition:

deltaw = pi ¤ sqrt(A/K)
dx, dy pixel size in m
Ms saturation magnetisation of the probe material
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Output

icf ft out FFT of the new averageICF (2D array)
n icfs out new number of ICF's usedto calculate mean value

(n icfs + 1)
stdev out approx. standard deviation of the calculated ICF's
rre out mean value of approx. RRE deconvolution error
param out parametersusedfor deconvolution

Keyw ords

STATIC MODE if set, the mfm image was measuredin static mode
OBSERVE if set, the calculation progressis displayed
SHOWRRE if set, prints out RRE errors of the di®erent methods
CALC PARAM if set, forcescalculation of new optimal parameters,

independently of what the type of 'param' is.
DEBUG if set, show debuggingoutput
PLOTRES if set, plots an image of the result ICF in the space

domain to the sxm channel 49 and window 'x'
METHOD only usethis method for calculating the ICF

1: division
2: tikhonov
3: conj. gradient
4: lowpass
5: landweber

DF0 2D array of the arti¯cial original Delta f,
usedto calculate the MSEIF.

ICF0 FT 2D array of the FFT of the arti¯cial original ICF,
usedto calculate the MSEIF.

PATTERN 2D array of the arti¯cial magnetisation pattern
usedto create the mfm image.
This option allows it to do the calculation with
arti¯cial data, derived from PATTERN.

ERRORS array of error values
[stdev, < RRE> , RRE', SNR, SNR', MSEIF]
stdev: standard deviation of the ICF sequence
< RRE> :mean RRE error of the ICF's
RRE': RRE error of the newly calculated ICF
SNR: Signal to noiseratio of the MFM sourceimage
SNR': Signal to noiseratio of the newly calculated

ICF
MSEIF:Mean squareerror improvement factor of the

newly calculated ICF.
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D.11 Tf calcmag

This procedurecalculatesthe stray ¯eld in the xy{plane at the z{position
of the tip apex using an MFM image and an instrument calbrating function
(ICF) describing the tip properties. optionally, if the keyword MZ is used,
the magnetisation pattern at the samplesurfacecan be calculated instead.
The routine ¯rst usesa simulated calculation with approximate
testdata to optimize calculation parameters.

Syn tax

tf calcmag,mfm image, icf tf, param in, noise, theta, phi, A, z, d, $
deltaw, dx, dy, mag out, rre out, param out

Input

mfm image input MFM image (2D array)
icf ft if size= 2D array: the mean value of previously

calculated ICF's in Fourier spaceor an approximation
of the ICF, usedto calc the best parameters for the
algorithm.

if size= single number or unde¯ned:
an arti¯cial ICF is used.

param in a parameter array of parameters for the calculation.
if size= array: best parametershint for deconvolution
if size= single number or unde¯ned: recalculate

best parameters
noise description of the noise in the mfm sourceimage

if size= 2D array: a noise image
if size= single number: signal to noiseratio

theta angle betweencantilever normal and z{axis of the
instrument in degrees

phi angle betweencantilever normal and x{axis of the
instrument in degrees

A vibration amplitude in m
z shortest distance betweentip apex and the top of the

magnetic layer in the sample in m during the
vibration cycle

d thicknessof the magnetic layer in the sample in m
deltaw domain wall width in m, according to de¯nition:

deltaw = pi ¤ sqrt(A/K)
dx, dy pixel size in m
Ms saturation magnetisation of the probe material
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Output

mag out stray ¯eld or magnetisation pattern (2D array),
according to the setting of the option MZ

rre out approx. RRE deconvolution error
param out parametersusedfor deconvolution

Keyw ords

STATIC MODE if set, the mfm image is measuredin static mode
MZ if set, not the stray ¯eld in the xy{plane at the

z{position of the tip apex but the magnetisation
pattern on the samplesurfaceis calculated.

OBSERVE if set, the calculation progressis displayed
SHOWRRE if set, prints out RRE errors of di®erent methods
CALC PARAM if set, forcescalculation of new optimal parameters,

independently of what the type of 'param' is.
DEBUG if set, show debuggingoutput
PLOTRES if set, plots an image of the result ICF in the space

domain to the sxm channel 49 and window 'x'
METHOD only usethis method for calculating the stray ¯eld

1: division
2: tikhonov
3: conj. gradient
4: division by a real factor
5: landweber
6: lowpass

HZ0 2D array of the arti¯cial original stray ¯eld image
Hz, usedto calculate the MSEIF.

DF0 2D array of the arti¯cial original Delta f image,
usedto calculate the MSEIF.

PATTERN 2D array of the arti¯cial magnetisation pattern
usedto create the mfm image
This option allows it to do the calculation with
arti¯cial data, derived from PATTERN.

ERRORS array with error values[RRE', SNR, SNR', MSEIF]
RRE': RRE error of the newly calculated ICF
SNR: Signal to noiseratio of the MFM sourceimage
SNR': Signal to noiseratio of the newly calculated

ICF
MSEIF:Mean squareerror improvement factor of the

newly calculated ICF.
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D.12 Tf calcmagw

This procedurecalculatesthe stray ¯eld in the xy{plane at the z{position
of the tip apex using an MFM image and an instrument calbrating function
(ICF) describing the tip properties. optionally, if the keyword MZ is used,
the magnetisation pattern at the samplesurfacecan be calculated instead.
The routine ¯rst usesa simulated calculation with approximate
testdata to optimize calculation parameters. The ICF is loaded either from
the ¯le 'icf name', if 'icf name' is a string or from the corresponding
sxm channel, if 'icf name' is an integer.

Syn tax

tf calcmagw,mfm image, icf name, param in, noise, theta, phi, A, z, d, $
deltaw, dx, dy, mag out, rre out, param out

Input

mfm image input MFM image (2D array)
icf name if this is a string: ¯lename of the ICF ¯le.

if this is an integer: sxm channel number of the ICF
param in a parameter array of parameters for the calculation.

if size= array: best parametershint for deconvolution
if size= single number or unde¯ned: recalculate

best parameters
noise description of the noise in the mfm sourceimage

if size= 2D array: a noise image
if size= single number: signal to noiseratio

theta angle betweencantilever normal and z{axis of the
instrument in degrees

phi angle betweencantilever normal and x{axis of the
instrument in degrees

A vibration amplitude in m
z shortest distance betweentip apex and the top of the

magnetic layer in the sample in m during the
vibration cycle

d thicknessof the magnetic layer in the sample in m
deltaw domain wall width in m, according to de¯nition:

deltaw = pi ¤ sqrt(A/K)
dx, dy pixel size in m

Output
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mag out stray ¯eld or magnetisation pattern (2D array),
according to the setting of the option MZ

rre out approx. RRE deconvolution error
param out parametersusedfor deconvolution

Keyw ords

STATIC MODE if set, the mfm image is measuredin static mode
MZ if set, not the stray ¯eld in the xy{plane at the

z{position of the tip apex but the magnetisation
pattern on the samplesurfaceis calculated.

OBSERVE if set, the calculation progressis displayed
SHOWRRE if set, prints out RRE errors of di®erent methods
CALC PARAM if set, forcescalculation of new optimal parameters,

independently of what the type of 'param' is.
DEBUG if set, show debuggingoutput
PLOTRES if set, plots an image of the result ICF in the space

domain to the sxm channel 49 and window 'x'
METHOD only usethis method for calculating the stray ¯eld

1: division
2: tikhonov
3: conj. gradient
4: division by rms(ICF)
5: landweber
6: lowpass

HZ0 2D array of the arti¯cial original stray ¯eld image
Hz, usedto calculate the MSEIF.

DF0 2D array of the arti¯cial original Delta f image,
usedto calculate the MSEIF.

PATTERN 2D array of the arti¯cial magnetisation pattern
usedto create the mfm image
This option allows it to do the calculation with
arti¯cial data, derived from PATTERN.

ERRORS array with error values[RRE', SNR, SNR', MSEIF]
RRE': RRE error of the newly calculated ICF
SNR: Signal to noiseratio of the MFM sourceimage
SNR': Signal to noiseratio of the newly calculated

ICF
MSEIF:Mean squareerror improvement factor of the

newly calculated ICF.
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D.13 Tf deconv

This proceduredeconvolves 'data ft' with 'conv ft' with the parameters
given. The output is stored in 'out ft'.

The program is basedon a theory described in Hug et al., J.Appl.Phys., 1998
van Schendel et al., J.Appl.Phys., 2000and Bertero, 'In verseproblems
in imaging', IOP press,London, 1998.

Syn tax

tf deconv, data ft, conv ft, method, parameter, out ft

Input

data ft FFT of data to deconvolve (2D array)
conv ft FFT of convolution function (2D array)
parameter an array determining the deconvolution parameters
parameter(0) a number that determinesthe deconvolution procedure

that is used,and the interpretation of the parameter
array:

0: division,
optional:
parameter(1): upper limit to the transfer
function, a negative value meansno limit
parameter(2): lower limit to the transfer
function, a negative value meansno limit

1: Tik onov method,
mu parameter for image restoration. Low mu
results in much restoration and noise,high mu
gives little restoration and little additional noise.
parameter(1): mu
parameter(2): a
parameter(3): tau
P(k) = k^ tau(1 + a(kx^ 4 + ky^ 4 + 2kx^ 2ky^ 2))

2: Landweber method,
parameter(1): theta
parameter(2): number of iterations
optional:
(if present, projected landweber method is applied)
parameter(3): lower bound to the reconstructed image
parameter(4): upper bound to the reconstructed image
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3: Conjugate gradient method,
parameter(1): number of iterations

4: division with tanh lowpassmethod
parameter(1): cuto®
parameter(2): width

5: division with exp(k^ ({6)) lowpassmethod
parameter(1): cuto®

6: division by a real factor
(the factor is determined with the tikhonov method.)

Output

out ft FFT of reconstruction of deconvolved original
(2D array)

Keyw ords

OBSERVE display progress
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D.14 Tf deconv scan

This proceduredeconvolves 'data ft' with 'conv ft' with various parameters,
and calculatesthe rms error comparted to 'original ft'. The routine scans
for the best parameterswithin the given bounds, and stores them and the
corresponding result in the variables 'min rre', 'out ft' and 'best param'.

The program is basedon a theory described in Hug et al., J.Appl.Phys., 1998
van Schendel et al., J.Appl.Phys., 2000and Bertero, 'In verseproblems
in imaging', IOP press,London, 1998.

Syn tax

tf deconv scan,data ft, conv ft, method, parameter, original ft, di®, $
min rre, out ft, best param

Input

data ft FFT of data to deconvolve (2D array)
conv ft FFT of convolution function (2D array)
parameter an array determining the deconvolution parameters
parameter(0) a number that determinesthe deconvolution procedure

that is used,and the interpretation of the parameter
array:

0: division,
optional:
parameter(1): upper limit to the transfer

function, a negative value meansno limit
parameter(2): lower limit to the transfer

function, a negative value meansno limit

1: Tik onov method,
mu parameter for image restoration low mu
results in much restoration and noise,high mu
gives little restoration and little additional noise.
parameter(1): log(mu) lower bound
parameter(2): log(mu) upper bound
parameter(3): log(mu) number of points
parameter(4): a
parameter(5): tau

2: Landweber method,
parameter(1): theta upper bound
parameter(2): theta lower bound
parameter(3): theta number of points
parameter(4): number of iterations
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optional:
(if present, projected landweber method is applied)
parameter(5): lower bound to the reconstructed image
parameter(6): upper bound to the reconstructed image

3: Conjugate gradient method,
parameter(1): number of iterations

4: division with tanh lowpassmethod
parameter(1): cuto® lower bound
parameter(2): cuto® upper bound
parameter(3): cuto® grid
parameter(4): width lower bound
parameter(5): width upper bound
parameter(6): width grid

5: division with exp(k^ ({6)) lowpassmethod
parameter(1): cuto® lower bound
parameter(2): cuto® upper bound
parameter(3): cuto® grid

6: division by a real factor
(the factor is determined with the tikhonov method.)

original ft FFT of original data without convolution

Output

min rre minimal rms error with best parameters
out ft FFT of best reconstruction of original
best param parameter array for tf deconv for optimal

recontruction of original

Keyw ords

OBSERVE display progress
DEBUG display rre
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D.15 Tf getchannel

This procedurereadsa 2D array and associated channel data out
of a sxm channel.

Syn tax

tf getchannel, fromchannel, img

Input

fromchannel sxm channel number to read from

Output

img sxm image including data transformations

Keyw ords

optional output:

D = [scan transform([0, 4]), data transform]
UNITS = [scan unit(0:1), data unit]
LABELS = [scan label(0:1), data label]
TITLE = scan ¯le
COMMENT = data comment
HISTORY = data history
ERROR indicates if requestedchannel was invalid

(either 0 or 1)
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D.16 Tf htf

Calculates a z{tranfer function HTF.

Syn tax

tf htf, theta, phi, A, z, d, nx, ny, dx, dy, ht®t

Input

theta angle betweencantilever normal and z{axis of the
instrument in degrees

phi angle betweencantilever normal and x{axis of the
instrument in degrees

A vibration amplitude in m
z shortest distance betweentip apex and the top of the

magnetic layer in the sample in m during the
vibration cycle

d thicknessof the magnetic layer in the sample in m
deltaw domain wall width in m, according to de¯nition:

deltaw = pi ¤ sqrt(A/K)
nx, ny image size in pixels
dx, dy size in m of one pixel in x{, y{direction

Output

ht®t FFT of calculated z{transfer function HTF

Keyw ords

STATIC MODE static MFM mode
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D.17 Tf level

Calculates a black & white picture with amplitude Ms out of the data
in mfm imgageand assignsit to res.

Syn tax

tf level, mfm image, Ms, res

Input

mfm image MFM raw picture (2D array)
Ms saturation magnetisation of the probe material

Output

res result
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D.18 Tf loadicf

This procedure loads ICF data either from a ¯le or from an sxm channel.

Syn tax

tf loadicf, icf, icf ft, n icfs, stdev, rre, dx, dy

Output

icf if this is a string: ¯lename
if this is an integer: sxm channel number

icf ft mean value of FFT of instrument calcibration function
(2D array)

n icfs number of ICF's usedto calculate mean value
stdev approx. stdev of the ICF mean
rre approx. mean value of deconvolution rel. rms err
dx, dy pixel dimensionsin m

Keyw ords

DEBUG if set, print out debuggingoutput

optional output

COMMENT a comment string
D array of pixel dimensions. The format is [dx, dy, dICF]

or [dICF]
UNITS string array of the unit labels of the physical units

of dx, dx and dICF
LABELS string array of the labels of the physical quantities

descrbingthe x{, y{axis and the instrument
calibration function.
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D.19 Tf metho d

This proceduretries several deconvolution methods on a MFM image with
arti¯cial data, to ¯nd out the best method. The best parametersare
returned in 'param out'.

Syn tax

tf method, mode, mfm image, ic®t in, noise, theta, phi, A, z, d, dx, dy, $
Ms, method out, param out, rre, res

Input

mode 0 simulate ICF calculation
1 simulate stray ¯eld calculation

mfm image input MFM image (2D array)
ic®t in if size= 2D array:

the mean value of previously calculated ICF's in
Fourier spaceor an approximation of the ICF, used
to calc the best parameters for the algorithm.

if size= single number:
an arti¯cial ICF is used.

noise if size= 2D array: a noise image
if size= single number: signal to noiseratio

theta angle betweencantilever normal and z{axis of the
instrument in degrees

phi angle betweencantilever normal and x{axis of the
instrument in degrees

A vibration amplitude in m
z shortest distance betweentip apex and the top of the

magnetic layer in the sample in m during the
vibration cycle

d thicknessof the magnetic layer in the sample in m
dx, dy pixel size in m in x{, y{direction
Ms saturation magnetisation of the probe material

Output

param out best parameter array to use in tf deconv
rre out rms relative error of arti¯cial{data calculation
res the result ICF / stray ¯eld (2D array) of the

arti¯cial calculation
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Keyw ords

STATIC MODE if set, the mfm image is measuredin static mode
MZ if set, not the distance independent ICF is calculated,

but the distance dependant tranfer function from the
measurement to the magnetisation pattern.

OBSERVE if set, progressbars are displayed
SHOWRRE if set, prints out rms errors
DEBUG if set, show debuggingoutput
METHOD if set, only usethis method

methods to calculate an icf:
1: division
2: tikhonov
3: conj. gradient
4: lowpass

methods to calculate a stray ¯eld:
1: division
2: tikhonov
3: conj. gradient
4: division by a real factor
5: landweber
6: lowpass

PATTERN if set, the 2D array of the arti¯cial magnetisation
pattern usedto create the mfm image
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D.20 Tf plot

Plots a 2D array image with the routine sxm topview.

Syn tax

tf plot, img, tochannel, towindow

Input

im MFM raw picture (2D array)
tochannel the sxm channel to store the image data in.
towindow the sxm window to useto draw the plot

Keyw ords

SURFACE usesxm surfaceto plot data
RE if img is complex, plot real part

if not set, the ®t is plotted
IM if img is complex, plot imaginary part

if not set, the ®t is plotted
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D.21 Tf rmcal

Removesthe averagevalue of MFM image data.

Syn tax

tf rmcal, img, res

Input

img MFM raw picture (2D array)

Output

res result (2D array)



D.22 Tf rmcanting 69

D.22 Tf rmcan ting

Removesthe canting of an image.

Syn tax

tf rmcanting, mfm image, theta, phi, dx, dy, res

Input

mfm imgage MFM raw picture (2D array)
theta angle betweencantilever normal and z{axis of the

instrument in degrees
phi angle betweencantilever normal and x{axis of the

instrument in degrees
dx, dy pixel size in m

Output

res result image (2D array)
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D.23 Tf saveicf

This procedurewrites all ICF data into an sxm channel and stores it in
a sxm ¯le.

The program is basedon a theory described in Hug et al., J.Appl.Phys., 1998
van Schendel et al., J.Appl.Phys., 2000and Bertero, 'In verseproblems
in imaging', IOP press,London, 1998.

Syn tax

tf saveicf, icf, icf ft, n icfs, stdev, rre, dx, dy

Input

icf if this is a string: ¯lename
if this is an integer: sxm channel number

icf ft mean value of FFT of instrument calcibration function
(2D array)

n icfs number of ICF's usedto calculate mean value
stdev approx. stdev of the ICF mean
rre approx. mean value of deconvolution rel. rms err
dx, dy pixel dimensionsin m

Keyw ords

COMMENT a comment string
D array of pixel dimensions. The format is [dx, dy, dICF]

or [dICF]
UNITS string array of the unit labels of the physical units

of dx, dx and dICF
LABELS string array of the labels of the physical quantities

descrbingthe x{, y{axis and the instrument
calibration function.

DEBUG if set, print out debuggingoutput
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D.24 Tf setchannel

This procedurewrites a 2D array and associated channel data into a
sxm channel. All transformations are set to the identit y transformation.

Syn tax

tf setchannel, fromchannel, img

Input

tochannel sxm channel number to write to
img image data

Keyw ords

D new value of either [scan transform([0, 4]),
data transform] or data transform

UNITS new value of either [scan unit(0:1), data unit] or
data unit

LABELS new value of either [scan label(0:1), data label] or
data label

TITLE new value of scan ¯le
COMMENT new value of data comment
HISTORY new value of data history
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Ac knowledgemen ts

I love the Lord , for he heard my voice;
he heard my cry for mercy.
Becausehe turned his ear to me,
I will call on him as long as I live.
The cords of death entangled me,
the anguish of the grave cameupon me;
I was overcomeby trouble and sorrow.
Then I called on the name of the Lord :
\O Lord , save me!"

The Lord is graciousand righteous;
our God is full of compassion.
The Lord protects the simplehearted;
when I was in great need,he saved me.

Be at rest oncemore, O my soul,
for the Lord has beengood to you.

For you, O Lord , have delivered my soul from death,
my eyesfrom tears, my feet from stumbling,
that I may walk before the Lord
in the land of the living.
I believed; therefore I said, \I am greatly a²icted."
And in my dismay I said, \All men are liars."

How can I repay the Lord for all his goodnessto me?
I will lift up the cup of salvation
and call on the name of the Lord .
I will ful¯ll my vows to the Lord
in the presenceof all his people.

Precious in the sight of the Lord
is the death of his saints.
O Lord , truly I am your servant;
I am your servant, the son of your maidservant;
you have freed me from my chains.

I will sacri¯ce a thank o®eringto you
and call on the name of the Lord .
I will ful¯ll my vows to the Lord
in the courts of the houseof the Lord {
in your midst, O Jerusalem.

Praise the Lord .

I want to thank my Lord and Savior JesusChrist for entering my life and
giving me grace and mercy every day. I also want to thank my parents, my
sisters and my older brother, who supported me so many times and gave me
so much love, even at di±cult times. I also like to thank my Assistant Pieter
van Schendel and to Hans Hug, for their motivations, advice and patience, and
¯nally to Felice Battiston and Jean Pierre Ramseyer, for their good company
in our O±ce. Hopefully they will well get along with their new coworker ;-)


